Abstract. It is shown that there is a continuum in the plane whose set of buried points is totally disconnected and weakly 1-dimensional, but not zerodimensional. This answers a problem of Curry, Mayer and Tymchatyn.
Introduction
For a plane continuum X, let F (X) denote the components of its complement. Put
Fr(F ).
Then B(X) is called the set of buried points of X. Curry, Mayer and Tymchatyn [2] proved that if X is rim-finite, then B(X) is zero-dimensional, and they constructed an example of a locally connected X for which B(X) is punctiform but not totally disconnected. They asked whether B(X) is zero-dimensional provided it is totally disconnected. The aim of this paper is to answer this question in the negative. Our example is Suslinian but not locally connected, and we do not know whether it is rational. In [5] , Kuratowski presented a 1-dimensional set K in the plane which is zerodimensional at all but countably many points. From the construction, it is clear that this set is totally disconnected and weakly 1-dimensional (see §4). Our contribution is to show that this set is the set of buried points of some planar continuum.
The sets B(X) are of special interest in case X is the Julia set J(R) of some rational function R : C ∞ → C ∞ . The question considered in this paper was motivated by the fact that it is unknown whether B(J(R)) must be zero-dimensional in case it is punctiform. This is the case for the Devaney-Rocha examples of Sierpiński-gasket-like Julia sets. This seems to be a difficult problem. Curry, Mayer and Tymchatyn proposed to study it from a purely topological point of view. For more details, see [1, 2] . 
Preliminaries
If X is a space, then ind x X denotes the dimension of X at the point x; cf.
A space is totally disconnected if its quasi-components are points. A space is
A compact space is rational if it has a basis with countable boundaries. Let C denote the Cantor set in the closed unit interval I. If A is a subset of a space X, then Fr(A) denotes its boundary.
For all undefined terms, we refer to Engelking [4] .
Buried points
In this section we will prove that the set of buried points of a plane continuum can be a Cantor set. Proof. Fix ε > 0 and, for n ≥ 1, put
is topologically a disc which is contained in the open ball about I × {0} with radius 3ε.
Observe that if Z is a continuum in R 2 which contains
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use , . . . the interiors of which were removed from I to obtain C. List them faithfully as {I n : n ∈ N}. For every n we do the same construction on I n × {0} with ε = 1 n as we did on I × {0}, thus obtaining a disc n . Clearly, n ∩ m = ∅ if n = m, and the n form a null-sequence.
The space
n is a continuum. It is topologically not a disc, since every point from C × {0} is a cut-point of S. For every n let L n denote the collection of interiors of the rectangles that were used to create n . Observe that the boundary of an arbitrary element of L n is a simple closed curve. It is not difficult to see that there exists a sequence of disks
Consider for a fixed n the set E n \D n+1 . Its boundary consists of two 'concentric' simple closed curves. Hence we can connect these boundaries by a finite number of arcs I n such that the collection of components C n of (E n \ D n+1 ) \ I n has mesh less than 1 n . We can easily arrange things so that the boundary of every element of C n is a simple closed curve. Consider the collection of connected open subsets
E is a locally connected rational continuum such that F (X) = E and B(X) = C × {0}.
The construction
We will now construct a plane continuum Z for which B(Z) is totally disconnected but not zero-dimensional. The continuum is not locally connected, but it has the property that for every U ∈ F (Z) we have that Fr(U ) is a simple closed curve. The continuum Z is Suslinian but not locally connected, and we do not know whether it is rational.
Since our construction strongly depends on the geometry of the space K, we begin by sketching its construction. See [3] , [5] and [4, 1.2.E] for additional details.
Every x ∈ C can be written uniquely in the form For every x ∈ C, let T x = {f (U ) : U is an arbitrary neighborhood of x in C}.
We then have
x ∈ C} be the graph of the function f . The following is not trivial; see [3] and the hint in [4, 1.2.E(e)] .
Hence K is 1-dimensional precisely at the countably many points of the form (x, f (x)), where x ∈ C 1 . The following statements are again not difficult to check:
is compact. Moreover, K is a G δ -subset of D (and hence is Polish). (K6) K is totally disconnected and weakly 1-dimensional.
We are now ready to construct the example. To begin with, we slightly enlarge
Moreover,
Observe that the collection of intervals
is a pairwise disjoint null-sequence. Hence for every ε > 0 there are only finitely many rectangles of the form [s x , x] × T x for x ∈ C 1 that are not contained in the ε-ball about the compact set D. This clearly implies that the set
and observe that B coincides with the collection of all nondegenerate components of E. Since the collection of components of a compact space is an upper semicontinuous decomposition of that space, it is clear that the decomposition D of R 2 , the nondegenerate members of which are the elements of B, i.e.,
is upper semicontinuous. Let π : 
Since π is monotone, X = π −1 (X) is a subcontinuum of R 2 . Also, the nondegeneracy set of π is contained in π(E). By abuse of notation, we will identify R 2 \E and Y \π(E). Observe that under this identification, U is a pairwise disjoint collection of connected open subsets of R 2 such that
Fix an arbitrary x ∈ C 1 , and consider the rectangle [
Now consider the collection Fr(V ) for every x ∈ C 1 . This clearly implies that Z is a continuum. From the construction it is clear that B(Z) = K.
We will now show that Z is Suslinian. Observe that Z is D with a countable collection I = {I n : n ∈ N} of arcs added to it. Let M be a collection of pairwise disjoint nondegenerate subcontinua of Z. A moment's reflection shows that only countably many members from M are contained in D. Since M consists of continua and every nonempty open subset of a continuum contains a nontrivial continuum, we may consequently assume without loss of generality that every member from M misses D. If M ∈ M , then I n ∩ M is not zero-dimensional for every n since otherwise M would be zero-dimensional, [4, 1.3.1] . Hence for every M ∈ M there exists n ∈ N such that I n ∩ M contains a nontrivial interval from I n . This clearly implies that M is countable.
